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Abstract
The main purpose of this paper is to prove an identity of symmetry for the higher order Bernoulli polynomials. It turns out that
the recurrence relation and multiplication theorem for the Bernoulli polynomials which discussed in [F.T. Howard, Application of a
recurrence for the Bernoulli numbers, J. Number Theory 52 (1995) 157–172], as well as a relation of symmetry between the power
sum polynomials and the Bernoulli numbers developed in [H.J.H. Tuenter, A symmetry of power sum polynomials and Bernoulli
numbers, Amer. Math. Monthly 108 (2001) 258–261], are all special cases of our results.
© 2007 Elsevier B.V. All rights reserved.
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The Bernoulli numbers Bn and the Bernoulli polynomials Bn(x) may be deﬁned by the exponential generating
functions
∞∑
n=0
Bn
tn
n! =
t
et − 1 , (1)
∞∑
n=0
Bn(x)
tn
n! =
tetx
et − 1 . (2)
It is well known that the Bernoulli numbers Bn satisfy the recurrence relation
∑n
i=0
(
n+1
i
)
Bi = 0 for all n> 0, with
B0 = 1, and the explicit formula for Bn(x) is Bn(x) =∑ni=0 (ni )Bixn−i .
For each integer k0, Sk(n) = 0k + 1k + 2k + · · · + nk is called sum of integer powers, or simply power sum. It is
well known that Sk(n) =∑ni=0ik is a polynomial in n of degree k + 1 (see [1, p. 155):
Sk(n) =
k∑
i=0
(−1)k−i
(
k
i
)
ni+1
i + 1Bk−i , (3)
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which is called the power sum polynomial. The exponential generating function for Sk(n) is
∞∑
k=0
Sk(n)
tk
k! = 1 + e
t + e2t + · · · + ent = e
(n+1)t − 1
et − 1 . (4)
Deeba and Rodriguez [2] and Gessel [3] have proved the following recurrence:
Bn = 1
a(1 − an)
n−1∑
k=0
ak
(n
k
)
BkSn−k(a − 1), (5)
which is true for any positive integer n and any positive integer a > 1.
Howard [4] has showed that (5) is a consequence of the multiplication theorem for the Bernoulli polynomials. The
multiplication theorem can be stated this way: if n and a are positive integers, then
a1−nBn(ax) =
a−1∑
i=0
Bn
(
x + 1
a
i
)
. (6)
Tuenter [5] has obtained a relation of symmetry between the power sum polynomials and the Bernoulli numbers,
and also showed that the recurrence (5) is a special case of the relation. This relation can be stated as the following
identity (7), which is symmetric in a and b.
Lemma 1. For positive integers a, b, and n0,
n∑
i=0
(n
i
)
ai−1Bibn−iSn−i (a − 1) =
n∑
i=0
(n
i
)
bi−1Bian−iSn−i (b − 1). (7)
The purpose of this paper is to generalize this relation of symmetry between the power sum polynomials and the
Bernoulli numbers to the relation between the power sum polynomials and the higher order Bernoulli polynomials,
i.e., the following Theorem 1. It turns out that the recurrence (5) and the identity (7) are all special cases of our
results.
Furthermore, in Theorem 2, we present another relation of symmetry for the higher order Bernoulli polynomials.
This generalizes the multiplication theorem for the Bernoulli polynomials (6).
The Bernoulli polynomials of order r, denoted B(r)n (x), are deﬁned by
(
t
et − 1
)r
ext =
∞∑
n=0
B(r)n (x)
tn
n! . (8)
The values of B(r)n (x) at x = 0 are called Bernoulli numbers of order r; when r = 1, the polynomials or numbers are
called ordinary. When x = 0 or r = 1, we often suppress that part of the notation; e.g., B(r)n denotes B(r)n (0), Bn(x)
denotes B(1)n (x), and Bn denotes B(1)n (0).
Theorem 1. For all integers a > 0, b > 0, and n0, m1, we have the following identity:
n∑
k=0
(n
k
)
an−kbk+1B(m)n−k(bx)
k∑
i=0
(
k
i
)
Si(a − 1)B(m−1)k−i (ay)
=
n∑
k=0
(n
k
)
bn−kak+1B(m)n−k(ax)
k∑
i=0
(
k
i
)
Si(b − 1)B(m−1)k−i (by). (9)
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Proof. Let g(t) = t2m−1eabxt (eabt − 1)eabyt /(eat − 1)m(ebt − 1)m. Note that this expression for g(t) is symmetric in
a and b. In order to prove the theorem we expanded g(t) into series in two ways.
g(t) = t
2m−1eabxt (eabt − 1)eabyt
(eat − 1)m(ebt − 1)m
= 1
ambm−1
(
at
eat − 1
)m
eabxt
(
eabt − 1
ebt − 1
)(
bt
ebt − 1
)m−1
eabyt
= 1
ambm−1
( ∞∑
n=0
B(m)n (bx)
(at)n
n!
)( ∞∑
n=0
Sn(a − 1) (bt)
n
n!
)( ∞∑
n=0
B(m−1)n (ay)
(bt)n
n!
)
= 1
ambm
∞∑
n=0
(
n∑
k=0
(n
k
)
an−kbk+1B(m)n−k(bx)
k∑
i=0
(
k
i
)
Si(a − 1)B(m−1)k−i (ay)
)
tn
n! .
Similarly, we have
g(t) = 1
ambm
∞∑
n=0
(
n∑
k=0
(n
k
)
bn−kak+1B(m)n−k(ax)
k∑
i=0
(
k
i
)
Si(b − 1)B(m−1)k−i (by)
)
tn
n! .
By comparing the coefﬁcients of tn/n! on the right-hand sides of the last two equations we arrive at the desired
results. 
Setting y = 0 and m = 1 in (9), we have:
Corollary 1. For every pair of positive integers a and b, and all integers n0,
n∑
i=0
(n
i
)
ai−1Bi(bx)bn−iSn−i (a − 1) =
n∑
i=0
(n
i
)
bi−1Bi(ax)an−iSn−i (b − 1). (10)
Setting x = 0 in (10), we obtain the relation (7). Substituting b = 1 in (10), we have:
Corollary 2.
Bn(ax) =
n∑
i=0
ai−1
(n
i
)
Bi(x)Sn−i (a − 1). (11)
Setting x = 0 in (11), we obtain the recurrence (5).
Theorem 2. For each pair of positive integers a and b, and all integers n0 and m1, we have the following
identity:
n∑
k=0
(n
k
) a−1∑
i=0
akbn−k+1B(m)k
(
bx + b
a
i
)
B
(m−1)
n−k (ay)
=
n∑
k=0
(n
k
) b−1∑
i=0
bkan−k+1B(m)k
(
ax + a
b
i
)
B
(m−1)
n−k (by). (12)
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Proof. On the one hand,
g(t) = t
2m−1eabxt (eabt − 1)eabyt
(eat − 1)m(ebt − 1)m
= 1
ambm−1
(
at
eat − 1
)m
eabxt
(
eabt − 1
ebt − 1
)(
bt
ebt − 1
)m−1
eabyt
= 1
ambm−1
(
at
eat − 1
)m
eabxt
(
a−1∑
i=0
ebti
)(
bt
ebt − 1
)m−1
eabyt
= 1
ambm−1
(
a−1∑
i=0
(
at
eat − 1
)m
e(bx+(b/a)i)at
)(
bt
ebt − 1
)m−1
eabyt
= 1
ambm−1
(
a−1∑
i=0
∞∑
n=0
B(m)n
(
bx + b
a
i
)
(at)n
n!
)( ∞∑
n=0
B(m−1)n (ay)
(bt)n
n!
)
= 1
ambm−1
( ∞∑
n=0
a−1∑
i=0
anB(m)n
(
bx + b
a
i
)
tn
n!
)( ∞∑
n=0
bnB(m−1)n (ay)
tn
n!
)
= 1
ambm−1
∞∑
n=0
(
n∑
k=0
(n
k
) a−1∑
i=0
akB
(m)
k
(
bx + b
a
i
)
bn−kB(m−1)n−k (ay)
)
tn
n!
= 1
ambm
∞∑
n=0
(
n∑
k=0
(n
k
) a−1∑
i=0
akbn−k+1B(m)k
(
bx + b
a
i
)
B
(m−1)
n−k (ay)
)
tn
n! .
On the other hand,
g(t) = t
2m−1eabxt (eabt − 1)eabyt
(eat − 1)m(ebt − 1)m
= 1
ambm
∞∑
n=0
(
n∑
k=0
(n
k
) b−1∑
i=0
bkan−k+1B(m)k
(
ax + a
b
i
)
B
(m−1)
n−k (by)
)
tn
n! .
Equating coefﬁcients of (tn/n!) on the right hand sides of the last two equations gives us (12). 
Putting y = 0 and m = 1 in (12), we have
a−1∑
i=0
an−1Bn
(
bx + b
a
i
)
=
b−1∑
i=0
bn−1Bn
(
ax + a
b
i
)
. (13)
Setting b = 1 in (13), we get the multiplication theorem for the Bernoulli polynomials (6).
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